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1. Introduction and preliminaries 
The aim of this article is to prove the following theorem. 
Theorem 1.1. Let 9 be a symmetric block design (40,13,4) admitting an automorphism 
of order 5. Then 9 is isomorphic to one of the 13 designs listed below in Table 1. The 
generators and orders of their automorphism groups are listed in Table 2. The 13 designs 
given in Table 1 are all mutually nonisomorphic, 3 are self dual, and the other 10 form 
5 pairs of dually isomorphic designs. The dual isomorphisms are presented in Table 3. 
This result was obtained by means of combinatorial and group theoretical methods 
and with the help of a computer, exhausting and checking all possibilities. 
In another article (see [3]) we constructed in a similar way all of designs (40,13,4) 
admitting automorphisms of order 13. There were 33 such nonisomorphic designs and 
there is only one design, the classical design (40,13,4) obtained from the projective 
geometry PG(3,4) with the automorphism group of order 12130560, appearing in 
both lists. Recently, we constructed also all of designs (40,13,4) admitting semiregular 
automorphisms of order 4. There are 99 such nonisomorphic designs. 
In this place, we should mention the fact that according to Mathon and Rosa [6] 
there are at least 24 nonisomorphic designs (40,13,4), which were already known. 
We begin by recalling some basic definitions and facts related to symmetric block 
designs (see e.g. [l, 43). In the following, we assume all sets under consideration to be 
finite. 
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Table 1 
1. Cl1 
0 1 2 3 5 
0 5 I 11 12 
0 1 6 16 19 
0 2 13 17 18 
0 6 8 9 14 
0 7 8 9 11 
0 7 10 12 13 
0 6 10 13 14 
1320 5920 2400 240 0 
2. Cl1 
0 1 2 3 5 
0 5 I J2 13 
0 1 1 16 18 
0 2 13 16 17 
0 6 8 9 10 
0 7 8 9 11 
0 6 11 12 14 
0 5 10 13 14 
1440 5560 2760 120 0 
3. Cl1 
0 1 2 3 5 
0 5 7 12 13 
0 1 7 16 18 
0 2 13 16 17 
0 6 8 9 10 
0 5 8 9 13 
0 6 11 12 14 
0 7 10 11 14 
1380 5740 2580 180 0 
4. Cl1 
0 1 2 3 5 
0 5 8 11 12 
0 1 9 17 19 
0 2 13 17 18 
0 5 6 7 11 
0 6 7 9 14 
0 7 10 12 13 
0 6 10 13 14 
1370 5770 2550 190 0 
5. Cl1 
0 1 2 3 5 
0 6 7 11 13 
0 1 7 16 17 
0 2 13 16 18 
0 6 8 9 14 
0 5 7 9 10 
0 5 12 13 14 
0 8 10 11 12 
1080 6480 2160 0 160 
6 10 12 15 20 25 30 35 
16 17 18 19 20 28 31 38 
22 23 24 25 27 28 32 36 
23 25 30 31 34 36 37 39 
17 20 21 24 31 33 35 36 
15 25 26 29 30 32 36 38 
19 21 24 26 21 30 33 34 
16 20 22 26 29 31 38 39 
6 10 12 15 20 25 30 35 
15 17 18 19 21 28 31 39 
20 21 24 25 27 29 33 37 
23 29 30 31 34 35 31 38 
19 21 22 24 30 31 36 37 
16 25 26 28 30 32 35 39 
18 22 23 25 26 31 33 34 
16 20 22 26 27 36 38 39 
6 10 12 15 20 25 30 35 
15 17 18 19 21 28 31 39 
20 23 24 25 27 29 31 37 
21 29 30 33 34 35 31 38 
19 20 21 22 31 34 36 37 
16 25 26 21 30 32 36 39 
18 21 23 25 26 32 33 34 
16 20 22 26 28 35 38 39 
6 10 12 15 20 25 30 35 
15 16 17 19 21 28 31 38 
20 21 23 25 26 27 32 36 
20 28 30 31 34 36 37 39 
18 22 23 24 30 32 36 38 
15 27 28 29 31 33 35 36 
19 21 22 26 29 30 33 34 
16 21 24 25 27 37 38 39 
6 10 12 15 20 25 30 35 
15 17 18 19 20 27 33 39 
21 23 24 25 27 29 30 38 
24 25 32 33 34 35 36 37 
15 20 21 24 31 32 36 38 
17 26 27 28 31 34 35 36 
18 21 22 26 29 30 31 33 
19 21 23 25 26 36 37 39 
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47 
6. Cl1 
0 1 2 3 5 
0 6 9 11 12 
0 1 7 17 19 
0 2 11 18 19 
0 7 8 9 11 
0 5 7 8 13 
0 6 10 12 13 
0 5 10 13 14 
1320 5920 2400 240 0 
7. Cl1 
0 1 2 3 5 
0 6 9 11 12 
0 1 5 15 18 
0 2 13 17 18 
0 6 7 8 11 
0 5 7 8 14 
0 7 10 12 13 
0 6 10 13 14 
1370 5770 2550 190 0 
8. PI 
0 1 2 3 5 
0 2 6 15 16 
0 1 14 17 23 
0 5 6 8 11 
0 7 8 9 11 
0 5 7 11 12 
0 6 10 13 14 
0 7 10 12 13 
1020 6740 1740 300 80 
9. PI 
0 1 2 3 5 
0 2 6 15 16 
0 1 14 17 21 
0 6 7 8 10 
0 5 7 8 11 
0 7 9 12 13 
0 6 11 13 14 
0 5 10 11 12 
1030 6700 1800 260 90 
10. [2] 
0 1 2 3 5 
0 2 6 15 16 
0 1 12 17 23 
0 5 7 8 11 
0 6 7 9 11 
0 7 8 10 13 
0 6 12 13 14 
0 5 10 13 14 
1115 6460 2010 220 75 
6 10 12 15 20 25 30 35 
15 16 17 18 21 27 33 39 
20 21 23 25 26 29 33 37 
21 28 30 31 32 35 37 38 
15 20 22 23 31 34 35 36 
16 25 27 29 30 31 38 39 
19 23 24 26 27 31 32 34 
15 21 22 26 28 36 37 39 
6 10 12 15 20 25 30 35 
15 16 17 18 22 29 31 38 
21 22 24 26 27 28 32 36 
20 28 30 31 34 36 37 39 
19 20 23 24 30 32 36 38 
16 25 28 29 31 33 35 36 
19 21 22 26 29 30 33 34 
16 21 24 25 27 37 38 39 
6 10 12 15 20 25 30 35 
18 22 23 24 26 27 34 38 
26 29 30 31 32 35 36 38 
15 16 17 28 32 33 36 39 
21 24 25 26 27 30 33 35 
18 20 21 23 31 37 38 39 
17 19 20 21 27 31 33 34 
15 19 24 26 28 29 36 37 
6 10 12 15 20 25 30 35 
19 21 22 24 27 28 33 38 
26 28 30 32 33 35 36 39 
16 18 19 26 30 34 37 39 
20 21 25 28 29 31 33 37 
15 21 23 24 34 35 36 37 
15 18 22 23 29 30 31 32 
16 17 23 26 27 29 36 38 
6 10 12 15 20 25 30 35 
19 21 23 24 27 28 32 38 
26 28 31 32 34 35 36 39 
15 16 18 28 30 34 36 37 
20 23 25 26 29 32 33 37 
19 20 21 24 31 35 37 39 
15 18 21 22 29 31 33 34 
16 17 20 26 27 29 36 38 
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Table 1 (continued) 
11. [Z] 
0 1 2 3 5 
0 2 I 15 18 
0 1 14 17 22 
0 5 7 8 13 
0 6 7 8 10 
0 6 9 10 11 
0 9 11 12 13 
0 6 11 12 14 
1090 6560 1860 320 50 
12. [4] 
0 1 2 5 6 
0 1 3 5 10 
0 1 8 12 13 
0 2 13 16 17 
0 6 7 9 18 
0 6 8 10 16 
0 8 11 14 17 
5 6 12 13 14 
1350 5830 2490 210 0 
13. [4] 
0 1 2 5 6 
0 1 3 5 10 
0 1 5 10 12 
0 2 13 16 18 
0 6 7 8 15 
0 6 8 12 15 
0 7 11 13 17 
5 6 12 13 14 
0 9360 0 0 520 
6 10 12 15 20 25 30 35 
19 21 22 23 25 28 31 39 
25 26 31 33 34 35 36 38 
15 16 19 27 30 34 36 38 
20 24 26 27 29 31 33 39 
15 21 22 24 32 36 37 38 
17 19 20 23 26 30 31 32 
16 18 23 27 28 29 35 36 
7 10 12 15 17 20 25 30 
21 22 24 26 27 32 35 36 
14 15 27 31 34 36 37 39 
18 22 25 21 29 33 34 35 
22 28 29 30 31 32 36 39 
17 19 22 23 26 37 38 39 
18 20 21 24 30 32 33 37 
18 20 23 26 21 29 32 38 
8 10 11 15 17 20 25 30 
21 22 23 26 28 32 35 36 
13 18 27 31 33 37 38 39 
19 20 25 26 29 32 33 36 
24 26 27 31 32 34 36 39 
16 19 21 22 29 35 37 38 
18 21 22 24 30 33 34 35 
16 21 24 25 27 28 30 36 
Let 9 = (9, W, I) be an incidence structure with point 
incidence relation Z c Bx W. For PEP, xd denote 
W=(QWIQ,X~~}, IPI=I(P>I, Ixl=l(x>l. 
set 9, line set 93 and 
w={Yw(p~Ym 
Definition 1.2. A symmetric block design (u, k, A), v, k, &EN, n = k- il >O, is an 
incidence structure 52 = (9, 9l’, I) such that 
(i) ISI=IWI=u=k(k-1)/1+1, 
(ii) Ixl=IPI=k, for all ~~29, PEP, 
(iii) I(x)n(y)l=I(P)n(Q)I=~, for all x,y~g’, P,QEY with x# y, P#Q 
We call conditions (iii) the consistency conditions. The difference n = k - A is called the 
order of 9. 
On symmetric block designs (40,13,4) 49 
Table 2 
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 
20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 
Remark: rho stands for the automorphism p. 
1. rho 
15 16 17 18 19 10 11 12 13 14 9 5 6 7 8 4 0 1 2 3 
30 31 32 33 34 37 38 39 35 36 24 20 21 22 23 27 28 29 25 26 
The order of the automorphism group is 10 
2. rho 
15 16 17 18 19 10 11 12 13 14 8 9 5 6 7 3 4 0 1 2 
34 30 31 32 33 37 38 39 35 36 24 20 21 22 23 26 27 28 29 25 
The order of the automorphism group is 10 
3. rho 
15 16 17 18 19 10 11 12 13 14 8 9 5 6 7 3 4 0 1 2 
34 30 31 32 33 37 38 39 35 36 24 20 21 22 23 26 27 28 29 25 
The order of the automorphism group is 10 
4. rho 
15 16 17 18 19 12 13 14 10 11 9 5 6 7 8 1 2 3 4 0 
39 35 36 37 38 32 33 34 30 31 29 25 26 27 28 22 23 24 20 21 
The order of the automorphism group is 10 
5. 
012 4 3 5 11 7 8 10 9 6 14 13 12 19 16 17 18 15 
39 21 22 38 25 24 31 27 28 30 29 26 37 33 35 34 36 32 23 20 
0 1 2 24 25 5 39 18 16 30 29 20 34 17 35 19 8 13 7 15 
11 28 36 23 3 4 26 33 21 10 9 31 32 27 12 14 22 37 38 6 
01 3 2 4 10 6 7 14 9 5 13 12 11 8 15 16 17 19 18 
20 21 37 29 38 30 26 27 34 23 25 36 32 39 28 35 31 22 24 33 
02 13 4 5 6 13 8 14 12 11 10 7 9 15 16 18 17 19 
20 36 28 37 24 25 26 33 22 34 35 31 38 27 29 30 21 23 32 39 
10 2 3 4 5 12 7 13 9 10 14 6 8 11 15 17 16 18 19 
35 27 36 23 24 25 32 21 33 29 30 37 26 28 39 20 22 31 38 34 
The order of the automorphism group is 51840 
6. rho 
15 16 17 18 19 11 12 13 14 10 9 5 6 7 8 0 1 2 3 4 
39 35 36 37 38 33 34 30 31 32 27 28 29 25 26 21 22 23 24 20 
The order of the automorphism group is 10 
7. rho 
15 16 17 18 19 11 12 13 14 10 9 5 6 7 8 0 1 2 3 4 
38 39 35 36 37 31 32 33 34 30 29 25 26 27 28 22 23 24 20 21 
The order of the automorphism group is 10 
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Table 2 (continued) 
8. rho 
The order of the automorphism group is 5 
9. rho 
The order of the automorphism group is 5 
10. rho 
The order of the automorphism group is 5 
11. rho 
The order of the automorphism group is 5 
12. rho 
The order of the automorphism group is 5 
13. 
01 2 3 13 5 6 12 8 18 10 11 7 4 33 15 31 17 9 27 
20 26 32 28 38 25 21 19 23 39 30 16 22 14 37 36 35 34 24 29 
01 2 3 14 10 6 7 15 9 5 11 12 33 4 8 16 30 18 29 
25 21 35 28 34 20 26 39 23 19 17 31 36 13 24 22 32 38 37 27 
01 2 3 19 5 11 7 17 16 10 6 12 27 29 30 9 8 31 4 
25 26 32 28 34 20 21 13 23 14 15 18 22 39 24 36 35 38 37 33 
012 4 3 5 6 22 8 23 10 11 27 13 28 15 36 17 33 32 
20 24 7 9 21 25 29 12 14 26 30 37 19 18 35 34 16 31 39 38 
013 2 4 5 21 7 22 9 10 26 12 27 14 35 16 32 31 19 
23 6 8 20 24 28 11 13 25 29 36 18 17 39 34 15 30 38 37 33 
02 13 4 20 6 21 8 9 25 11 26 13 14 15 31 30 18 39 
5 7 24 23 22 10 12 29 28 27 17 16 38 33 35 34 37 36 32 19 
10 2 3 4 5 20 7 8 24 10 25 12 13 29 30 34 17 38 19 
6 23 22 21 9 11 28 27 26 14 15 37 32 39 16 36 35 31 18 33 
The order of the automorphism group is 12130560 
For two such designs .91=(P1,%?1,Z1) and 92=(92,932,1z) an isomorphism 
from $@I onto kaz is a bijection which maps points onto points and lines onto lines 
preserving the incidence. An isomorphism from 23 onto 9 is an automorphism of 9. 
Similarly, dual isomorphisms and dual automorphisms are such bijections which map 
points onto lines and lines onto points and preserve the incidences. In the following we 
shall use the term design for symmetric block designs. 
Let 9 =(P, 39,I) be a (u, k, A)-design and G an automorphism group of 9, i.e. 
G < Aut 9. For XC%?, PEP, gEG we denote by xg, Pg the g-images of P and x, and by 
xG = { xg 1 g E G}, PG = { Pg 1 gE G} the G-orbits of x and P, respectively. By a known 
result the number of point orbits equals the number of line orbits. Denoting this 
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Table 3 
1. Design is dually isomorphic with 6 
0 3 1 4 2 19 17 15 18 16 
34 32 30 33 31 39 37 35 38 36 
4 2 0 3 1 15 18 16 19 17 
30 33 31 34 32 35 38 36 39 37 
2. Design is self-dual 
0 1 2 3 4 17 18 19 15 16 
27 28 29 25 26 22 23 24 20 21 
2 3 4 0 1 14 10 11 12 13 
25 26 27 28 29 20 21 22 23 24 
3. Design is self-dual 
0 1 2 3 4 17 18 19 15 16 
27 28 29 25 26 22 23 24 20 21 
2 3 4 0 1 14 10 11 12 13 
25 26 27 28 29 20 21 22 23 24 
4. Design is dually isomorphic with 7 
0 1 2 3 4 17 18 19 15 16 
27 28 29 25 26 22 23 24 20 21 
2 3 4 0 1 14 10 11 12 13 
25 26 27 28 29 20 21 22 23 24 
5. Design is self-dual 
0 1 2 3 4 17 18 19 15 16 
27 28 29 25 26 22 23 24 20 21 
2 3 4 0 1 14 10 11 12 13 
25 26 27 28 29 20 21 22 23 24 
8. Design is dually isomorphic with 9 
0 1 2 3 4 14 10 11 12 13 
37 38 39 35 36 27 28 29 25 26 
2 3 4 0 1 14 10 11 12 13 
35 36 37 38 39 25 26 27 28 29 
10. Design is dually isomorphic with 11 
0 3 14 2 5 8 6 9 7 
24 22 20 23 21 29 27 25 28 26 
4203158697 
20 23 21 24 22 25 28 26 29 27 
12. Design is self-dual 
10 11 12 13 14 28 29 25 26 27 
39 35 36 37 38 33 34 30 31 32 
36 37 38 39 35 11 12 13 14 10 
17 18 19 15 16 5 6 7 8 9 
13. Design is self-dual 
0 12 3 4 9 5 6 7 8 
23 24 20 21 22 28 29 25 26 27 
3 4 0 12 9 5 6 7 8 
20 21 22 23 24 25 26 27 28 29 
14 12 10 13 11 5 8 6 9 7 
29 27 25 28 26 24 22 20 23 21 
14 12 10 13 11 5 8 6 9 7 
25 28 26 29 27 20 23 21 24 22 
8 9 5 6 7 14 10 11 12 13 
37 38 39 35 36 32 33 34 30 31 
18 19 15 16 17 5 6 7 8 9 
35 36 37 38 39 30 31 32 33 34 
8 9 5 6 7 14 10 11 12 13 
37 38 39 35 36 32 33 34 30 31 
18 19 15 16 17 5 6 7 8 9 
35 36 37 38 39 30 31 32 33 34 
8 9 5 6 7 14 10 11 12 13 
37 38 39 35 36 32 33 34 30 31 
18 19 15 16 17 5 6 7 8 9 
35 36 37 38 39 30 31 32 33 34 
8 9 5 6 7 14 10 11 12 13 
37 38 39 35 36 32 33 34 30 31 
18 19 15 16 17 5 6 7 8 9 
35 36 37 38 39 30 31 32 33 34 
8 9 5 6 7 32 33 34 30 31 
17 18 19 15 16 22 23 24 20 21 
8 9 5 6 7 30 31 32 33 34 
15 16 17 18 19 20 21 22 23 24 
14 12 10 13 11 19 17 15 18 16 
34 32 30 33 31 39 37 35 38 36 
14 12 10 13 11 15 18 16 19 17 
30 33 31 34 32 35 38 36 39 37 
7 8 9 5 6 21 22 23 24 20 
19 15 16 17 18 2 3 4 0 1 
3 4 0 1 2 34 30 31 32 33 
25 26 27 28 29 24 20 21 22 23 
14 10 11 12 13 15 16 17 18 19 
33 34 30 31 32 35 36 37 38 39 
14 10 11 12 13 18 19 15 16 17 
30 31 32 33 34 38 39 35 36 37 
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number by t and the corresponding orbits with 
t f 
gi,Pr, l<i,r<t, we have 
(1) 
i=l r=l 
where Bi=xiG, 8,=P,G for some XiEB, P,EB, l<i,r<t. 
The symbol I-I is used for the disjoint union of sets. 
Denote 1 tC?di I= L?i , IPI/ = w,. From (1) and the Definition 1.2(i), it follows immedi- 
ately that 
(2) 
i and I running over the set { 1,2, . . . , t }. 
Let XEgi, Peg,. Then I(x)n~‘II=I(x)gn~,gI=I(xg)n8,1, for all gEG. AS 
xG =.9i, we see that I (x) n 8, I = yil depends on 9i and 8, only. Similarly, 
I (P) n LiiYi I= Til does not depend on the choice of P. From (1) and the Definition 
1.2(ii), it follows that 
The introduced cardinalities satisfy some important relations (see [l, 3,5]). 
Lemma 1.3. Let 9=(P,S, I) be a (u, k,l)-design, G a subgroup of Aut 9, and 
pi, ~j c B,9,, 8, c 9 some G-orbits of lines and points, respectively. We assume other 
notation to be as stated above. Then 
6) QiYir=Orrir, 
(ii) 1, Yi,Tjl=ISZj+6ijn; xi rirYis=lZWs+6rsn, 
aij, 6,, being the correspondent Kronecker symbols, and the indices i, r running over the 
set {1,2 ,..., t}. 
By (i), we can rewrite (ii) as 
Definition 1.4. We denote 
Cgi9Bjl=CYirrjr and C~ ,~sl=C TirYis r I 
and call these expressions the orbit products. 
Definition 1.5. Given a (u, k, A)-design 9 and G<Aut 9, the matrices (yip) and 
(ril) are called the orbital structures of 9 with respect to G, for lines and points, 
respectively. 
Obviously, the orbital structures of 9 are uniquely determined up to the order of 
rows and columns. 
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The t x t matrices (yi,), (ril) satisfying (2), (3) and Lemma 1.3(i), (ii) are called orbital 
structures for parameters (u, k, A) and orbit distributions (wl, . . . , co,), (Sz, , . . . , ~2,). 
Let P,E 9 and 8, E P,G. We denote the points of 8, by P,, = P,, P,, , . . . , P,m,_l or, 
abbreviated in a customary manner, as ro, rl , . . . , rur_ 1. In this context one often 
speaks of r as a ‘big point’, which is supplied with indices. Thus 
Now, for each orbit PV the automorphism group G is represented as a permutation 
group on the indices 0, . . . . o,- 1. The same holds for the line orbits. 
Let x, y~P8. Definition 1.2 implies that x # y if and only if (x) # (y). Therefore we 
can consider lines as sets of their points, thus identifying x with (x). In the sequel we 
shall assume that designs are written as sets of lines each represented by the set of its 
points. As an important step for what follows, we introduce canonical forms for lines 
and designs. 
Definition 1.6. Suppose there is a given ordering among point orbits. Let ~~98 and 
(x) = u: = I ((x ) n Y’,). Then there is a unique point sequence R of length k such that 
(i) Z(i)E(x) for l<iQk and Z(i) #Z(j) for i #j 
(ii) if zip,, Z( j)EY, and r<s, then i-c j 
(iii) if Z(i), nip,, T(i)=r,,, Z(j)=r, and a<b, then i< j. 
The sequence 2 will be called the canonical form of x. In the following we shall 
identify z? with x. 
Let x, y be two lines with the same orbital structure and 2, j? their canonical forms. 
Then x precedes y canonically if ZC precedes jj lexicographically in terms of indices of 
‘big points’. 
Suppose, there are given orderings among point orbits and among line orbits. Then 
there is a unique sequence ~8 of length t consisting of canonical lines G(i) of 9 such 
that 
(a) &(i)Egi, for l<i<t 
(b) 3((i) precedes other lines in ai canonically. 
Because 99i = g”(i) G, 4 and 9 are in a one-to-one correspondence. The sequence 
68 will be called the canonical form of 9 (with respect o {pi}, {P,.}, G). 
In the following we shall identify g with 9. 
Let 9r and 9z be two designs with the same orbital structure. Then 9r precedes 9z 
canonically if G1 precedes &‘2 lexicographically in terms of the canonical precedence 
of their lines. 
The concept of G-isomorphisms of designs will be very important for our construc- 
tion of designs (see [3]). 
Definition 1.7. Let Q1=(8,W,Z1) and 9z=(9’,@,Zz) be two designs and 
G<Aut 9i n Aut D2 <S=S(B) x S(B), S(9) denoting the symmetric group on the 
set 9’. A bijection cr~S is a G-isomorphism of g1 onto gz if 
(i) 01 is an isomorphism of g1 onto gz, and 
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(ii) there is an automorphism z: G + G such that for each P, QEP and each g E G: 
(PLy)(gT)=QaoPg=Q. 
If I1 = Z2 s S x g, c( is a G-automorphism of 9. 
It holds 
Lemma 1.8. Condition (ii) in Dejnition 1.7 is equivalent to ( *)EEN,(G), i.e. a normal- 
izes G in S. 
Proof. From (Pcr)(gz)=Qa and Pg=Q it follows Pcr(gz)=Pga. Hence ~(gz)=gcr, 
and therefore gz=a-‘ga, for all gEG. Thus cr-lGo!=Gz=G and so aeN,( The 
converse is now trivial. 0 
An immediate consequence of Definition 1.7 and Lemma 1.8 is the following 
lemma. 
Lemma 1.9. Let $3=(9,W,l) be a design and G<Autg. Let S=S(Y)xS(W) and 
a~ N,(G). Then 9 is G-isomorphic to the design 5% = (9’,33’, I,), for which 
(Pa,xa)El,o(P,x)EZ. 
2. Construction of designs by means of automorpbisms 
Here we sketch an algorithm for constructing all designs with parameters (u, k, A.) 
admitting a given automorphism group, as presented in [3]. We shall use the 
previously introduced notation. 
Algorithm. Let~=(~,~,I)bea(u,k,~)-designandG~Aut~,S=S(B)xS(~).Let 
9 1, . . . . 8, and gl, . . . . L!& be the G-orbits of points and lines in a given order and 
s2i = 1 pi 1, w, = 1 P’, 1 for 1~ i, r < t. We first build all possible orbit structures r =(ril) 
and after that the designs themselves by ‘indexing’ the ‘big points’. (see [S]) 
Step 1: By Lemma 1.3 (iii) it is 
for each i, l<i<t. 
The solution vectors (ril)i, the outer index denoting the fixed index, are called the 
line orbital structures of the line orbits ai. For two line orbital structures (&) and 
(yy,), we say that they are of the same type, if there is some aeN, such that 
(Wi)a=gj and Y;,.=Y&, where (9’)r)a=.9’r.:, for all I, 1~ r < t. As the type representat- 
ive, we choose that line orbital structure, which is the first in the reverse lexicographi- 
cal order with respect o the usual ordering in IN. We order the types in the order of 
their representatives ordered by the same principle. We apply the same ordering to the 
line orbital structures within the same type. 
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After finding all possible types for line orbits, we build the partial orbital structures. 
A partial orbital structure of jth layer is any matrix d (j) = (rir), 1 < i < j, 1 <r < t, 
satisfying the row conditions from Lemma 1.3 and not violating the column condi- 
tions from the same lemma. For two such partial structures d’( j)=(y:,) and 
A”(j) = (y;:), we define the precedence A’(j) < A”(j) as follows. A’(j) < A”(j), if there 
is some q, q< j such that 
(i) (rjr)i=(y:i)i for i<q, and 
(ii) either the type of (y&& precedes the type of (y&&, or they are of the same type, 
but (Y&)~ precedes (Y&)~ as line orbital structure. 
With A(j), we denote the set of all partial structures of the jth layer, 
which we construct in our procedure. We shall speak about A”’ as about the jth 
layer. 
We proceed in the following way: 
(1) A(‘) consists of all type representatives for the first orbit. 
(2) We construct A (j) from A (j-l) by joining to each A (j- 1) as the next row 
all possible line orbital structures for gj such that the obtained matrix A(j) is 
a jth layer partial structure. We include such a matrix A(j) into the layer A”‘, 
if it cannot be eliminated by finding some c1 EN,( G) such that A (j) a < A (j), in terms 
of the precedence of partial structures considered as parts of the whole structures. 
Since Act is G-isomorphic with A, we ensure the elimination of many isomorphic 
designs, retaining only those among them, which are first in terms of the defined 
precedence. 
At the end of this procedure, A(‘) will be the set of all possible orbital structures for 
the given problem. In the layer A(‘), one has also to check the dual, column conditions 
from Lemma 1.3. 
Step 2: Next, we deal with each orbital structure separately. Thus, let A =(rir) be 
the structure under consideration. We construct orbit by orbit for each row in A all 
possible canonical lines, building in such a way the set of jth layer partial designs 
- 9(j), for each j, 0 d j< t, $9(O) being the void set. 
We construct D(j) from 9(je1) 1 <j < t, in the following way. 
To each 9(j- l)~z%(j-~), we ;oin all possible canonical lines for the orbit ?8j, 
which satisfy the design conditions from Definition 1.2 and the given orbit conditions 
for gj. In this, we obtain partial designs of the jth layer. We include such a partial 
design 9(j) into 9(j), if it cannot be eliminated by finding an MEN,(G) with da= A, 
such that 9 ( j) CI < 9 (j) in terms of the precedence of partial designs considered as the 
parts of the assumed whole designs. 
At the end of this procedure, 69(t) will be the set of all possible designs with the 
orbital structure A, admitting the given automorphism group G. Because of the above 
elimination they appear in canonical form. 
Carrying out this construction for all orbital structures A, we get all the requested 
designs. It can happen, that among the obtained designs there are isomorphic or 
dually isomorphic ones. The elimination of such designs is the last step in solving the 
given problem. 
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3. Automorphisms of order 5 acting on (40,13,4)-designs 
Let $9 be a (40,13,4)-design and peAut 9, 1 p( = 5. We shall determine first 
the action of p on B and 9. For this purpose, we use a lemma proved in [3]. 
Lemma 3.1. Let 9 be a (u, k, il)-design, p E Aut 9 and I p I = p > 1, p a prime. Denote by 
F the number of points in B$xed by p. If there exists a p-fixed line consisting ofjxed 
points only, then kd F dv-(k-A)p. Otherwise, if each p-fixed line contains at least 
t full nontrivial orbits of p, then F(zp + 1) < U. 
Applying this lemma to our case, we get the following lemma. 
Lemma 3.2. Let 9 be a (40,13,4)-design and pi Aut 9, 1 p I= 5. Then p acts fix- 
point-free on both B and S?. 
Proof. Since u-(k-l)p=40-9.5 CO, each p-fixed line contains by Lemma 3.1, 
a nontrivial p-orbit and F (5 + 1) ~40. It follows that FE {0,5}. If F = 5, then r = 2 and 
so F (2.5 + 1) < 40, which implies F < 3 and, therefore F = 0. 
Thus all the p-orbits on P and $9 are of the length 5, and there are eight such orbits 
on each of them. 0 
4. The orbital structures of 9 with respect to p 
Next we determine the orbital structures of 9 with respect o p. We use the notation 
of Section 1. 
Lemma 4.1. Let 9 be a (40,13,4)-design and p E Aut 9, 1 p I = 5. Then there are, up to 
isomorphism, four possible orbital structures (ytj) for 9 with respect to p, namely, 
42211111 
12241111 
21023311 
20121133 
(1) 
13113022 
13110322 
11312230 
11312203 
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42211111 
21033211 
20111233 
13130122 
(2) 
13102321 
12213013 
11322130 
11321302 
33221110 
31202113 
21023311 
13021123 
(3) 
12201331 
11223031 
20230222 
02322202 
33221110 
31103212 
21310123 
20131321 
(4) 
13011232 
12132103 
11223031 
02312311 
Proof. Such an orbital structure must satisfy the conditions (2), (3) and Lemma 1.3 
(iii). By Lemma 3.2 we have t=8, Qj=Os=5 for allj,sE(1,...,8). Also, n=k-A= 
13-4=9. 
Thus we have 
(a) CF= r Yir= 13, 
(b) [Wi,si]=C,“=, yi’,=4.5+9=29, for l<i<8, 
(C) [~i,~j]=C,8_1 Yilyjr=4.5=20, for l<i,j<8, i #j. 
Since yi, GO,, it is yil< 5 for all i, r. However, p does not fix any element and thus 
Yi, < 5. One can easily see that there are, up to order, exactly three solutions (rir)i for (a) 
and (b), namely 
A-4 2 2 1 1 1 1 1 Br3 3 2 2 1 1 10 Cr3 2 2 2 2 2 0 0. 
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As for(c), we can easily check that there are, up to isomorphism, only the following 
possibilities for combining the types A, B and C as (ri,)i and (Y~~)~: 
(d) For A as (Yir)i : 
type A: 1 2 2 4 1 1 1 1 
typeB:21033211, 13132210, 12233110 
type C: none 
as (Yjr)j; 
(e) For B as (yil)i: 
typeB:31202113, 31112203, 31103212, 
3 0 2 2 1 1 13, 3 0 2 13 1 12, 3 0 113 2 2 1, 
2 2 1 13 10 3, 2 13 12 10 3, 2 13 0 3 1 12, 
2 12 0 3 3 1 1, 2 0 3 13 2 1 1, 1 13 2 3 10 2, 
11223301, 11213320, 10332211 
typeC:22202203, 20322202 
as (Yjr)ji 
(f) For C as (yil)i : 
typeC:23220022, 02222230 
as (Yjr)j. 
Applying step 1 of our algorithm, we can now construct all orbital structures for the 
given group and parameters. One gets as the only solutions, up to isomorphism, the 
orbital structures listed in the statement of the lemma. q 
5. Proof of the theorem 
We proceed by indexing of the obtained orbital structures, and thus construct the 
designs themselves. According to section 2, we denote P,= {ro,rl, r2,r3,r4} and 
~i={~,~,~,~,~> for l<i,r68. Now, p acts on 8, as rap=r,+l, and on pi as 
: 7 
&Zp= II+19 1 for UE{O, 1,2,3,4}, the sums a+ 1 taken modulo 5, i.e. as permutation 
(0 12 3 4) on the indices of ‘big’ points and lines. 
In the following we need some additional notation. Let Yip i = 1, . . . , s be disjoint 
ordered sets of the same cardinaiity c, and Yi (j), for 1 d j < c, the jth element of pi. 
We define the blockwise symmetric group S(Y,, . . ., ~7~) over the ordered sets 
Y r, . . ..Ys as the group 
s(~4~1,...,~~)={71’(n)ES(U4,, Yi)I7CES(l,2,...,S) A (Si(j)TT’(7T)=Si,(j)), 
for all j, l<jdc and all i, l<i<s}, 
S(Y) denoting the symmetric group over the set Y. 
One can easily see, that the normalizer N,( (G)) from Lemma 1.8 is the group 
N,((P))=<%, . . ..Q.PIr . . ..BS.S(~I> . . ..~)8).S(~lr . . ..g*)> o>, 
where 
cf,=(ror1r2r3r4), pi=(i0ili2Lji4), 
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and 
_--- 
6= fi (r1r2r4r3) fi (ilizi4i3). 
r=l i= 1 
Applying step 2 of our algorithm, we get 13 mutually nonisomorphic designs as the 
only possible solutions with the help of a computer. They are presented in Table 1, 
after translating points of .?Y by the rule ra --+ (r - 1).5 + u, thus denoting the points of 
designs with 0, . . . . 39. Each of the line orbits W1, . . ..Ws is represented by only one 
line; the others are obtained by applying to them the automorphism p, which acts on 
the points 0, . . . . 39 as the permutation 
ip=i-4 if 51i+l, ip = i + 1 otherwise. 
From Table 1 and Lemma 4.1 we see immediately, that there are 7 designs for the first 
orbital structure, 4 for the second, none for the third and 2 for the fourth. The numbers 
in square brackets in Table 1 denote the orbital structures from Lemma 4.1 from 
which the designs are obtained. The numbers at the bottom of each design represent 
the block triple intersection statistics, i.e. the cardinal numbers of block triples of the 
design intersecting in 0, 1,2,3 and 4 points, respectively. The designs which have 
different statistics are obviously not isomorphic. 
The point 0 occurs in design 1, with only one point of the same Aut g-orbit on 
exactly 4 lines, each time with another point not belonging to the same p-orbit as 0. 
The respective pairs are 0 17,0 15,0 19 and 0 16, on the lines 20., 25., 30. and 35. There 
is not any point with such a property in Design 6. The same holds for the point 0 in 
design 4, and the points of design 7, with the corresponding pairs 0 18,0 15,O 19 and 
0 16 on the lines denoted with the same ordinal numbers as above. Thus, these two 
pairs of designs are also nonisomorphic. 
In Table 2, the automorphism groups of designs 1-13 are represented in terms of 
their consecutive bases, which means the minimal bases such that each next generator 
is the lexicographically first automorphism of design - as permutation, with respect o 
the natural ordering of points 0, . . . , 39 - which is not contained in the group generated 
by previous generators. Construction of such a basis can be reached in a very effective 
manner and enables us to determine the orders of automorphism groups in an easy 
way (see [2]). The relations of dual isomorphy are stated in Table 3. The listed 
permutations are the dual isomorphic mappings from lines and points of the first 
design onto the points and lines of the second. The obtained results prove our 
theorem. 
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